THE HOMOTOPY AND EXCISION AXIOMS FOR
SINGULAR HOMOLOGY

I.KRIZ

Our approach to the homotopy and excision axioms generally follows

[1].
1. THE HOMOTOPY AXIOM

Theorem 1. Two homotopic maps of pairs induce the same map in
singular homology.

Recall that if f,g: C' - D are chain maps, a chain homotopy h: f ~ g
consists of homomorphisms of abelian groups h = h,, : C,, > D,,,; such
that

dh+hd=f-g.

Lemma 2. If X is a contractible space, then X — % induces an iso-
morphism in homology. (In particular, Hy(X) = Z, H,(X) = 0 for
n>0.)

Proof. 1f X is contractible, we have a homotopy & : X x[0,1] - X with
k(x,0) =z, k(x,1) = * for some * € X (independent of x). Let a chain
map €: CX — CX (where CX is the singular chain complex of X) be
defined on a singular simplex o : A" - X by ¢(o) =0 for n > 0, and
€(o) = % for n = 0 (identifying singular O-simplices with points). We
shall exhibit a chain homotopy

hi]dcxﬁE,

which implies the statement (by considering what e induces on homol-
0gy).
In effect, we may define, for o : A" - X,
h(o): A™! - X
on barycentric coordinates by
tl tn
1-ty " 1-tg

]’to)

[to, ce ,tn+1] = k?(O'[

for 0 <ty <1, and

[0,...,0,1] = *.
1
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One sees that
dh(o) =0 - (-1)'h(c © &;)
i=0
except for n =0, where
dh(o) =0 — *,
(identifying singular O-simplices with points). Thus, A is the required

chain homotopy.
O

Lemma 3. Let 1;: X - X x [0,1] be given by x — (x,t). Then there
is a natural chain homotopy h : C(1y) ~ C(t1). Naturality means that
for a continuous map f: X =Y, the following diagram commutes:

Cn(X) =2 0 (X < [0,1])
(1) f*l l(fx[o,u)*
Co(Y) =2 Crn (v x [0,1]).

Proof. We shall construct h,, simultaneously for all topological spaces
X by induction on n. For n =0, choose an affine map ¢ : Al - [0, 1]
which sends (0,1) — 0, (1,0) ~ 1. Then for a singular 0-simplex in X,
which can be identified with a point x € X, let

h(x) = const, x t.

Now suppose h,_; is defined and natural in the sense of (1) (with n
replaced by n—1). We will first define h(x, ) where x,, = Id: A" - A",
Then for any singular n-simplex o : A® - X for any topological space
X, we have
0 =0.(Kn).
Thus, to satisfy naturality (1), we can (and must) put
ho) = o (h(kn)).

Now to construct A = h(k,), we must solve the equation

d\ + h(dky) = (t0)skn — (t1)«Fn,
or
(2) dA = (1) «kn — (1) el — h(dry).
Let us verify that the right hand side of (2) is a cycle. We have

d((t0)«kin = (t1)sin = h(drn)) =
(3) (t0)«dkn = (t1) 4 kn — dhdk, =
dhdk,, — hddk,, — dhdk, =0,
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as required. Now for n > 0, the right hand side of (2) being a cycle, it
is also a boundary, since A" x [0,1] is contractible, and thus,

H,(A" % [0,1]) = 0

by Lemma 2. Thus, X\ exists, and the induction step is complete.
O

Comments: 1. The method used in this proof is known as the method
of acyclic models. In [1], a general categorical version of this method
is treated.

2. The above proof demonstrates vividly the difference between “nat-
ural” and “canonical”: The homotopy constructed is natural in the
sense of (1), but is by no means canonical, in that we have no preferred
choice for the class A in the induction step.

Now Theorem 1 follows from Lemma 3: A homotopy of pairs is a
morphism of pairs of the form k : (X x [0,1], X5 x [0,1]) = (Y1, Y5).
The chain homotopy of Lemma 3 gives a chain homotopy between the
chain maps

(leXQ) - (Xl X [07 1]7X2 X [07 1])
given by
(x1>$2) = ((wlvt)a ('TQ’t))
with £ =0,1. Compose this with
k* : C((Xl X [07 1]7X2 x [07 1])) - C(leaYv2)7

and take homology.

2. THE EXCISION AXIOM

Theorem 4. Let Z andY be subsets of a topological space X such that
the closure of Z in X is contained in the interior of Y in X. Then the
inclusion of pairs (X ~Z,Y N Z) - (X,Y) induces an isomorphims on
singular homology.

We shall prove the following

Proposition 5. Let U be a set of subsets of a topological space X
whose interiors cover X, and let CY be the chain subcomplex of C(X)
generated by those singular simplices whose image is contained in one
of the sets in U. Then

CH(X) - C(X)
induces an isomorphism in homology.

Using the Proposition, we immediately have a
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Proof of Theorem 4. Let U ={Y, X ~ Z}. We have a diagram of chain
complexes where the rows are induced by inclusions, and exact:

0—=C(Y) —=CU(X) —=C(X\Z,Y N Z) —=0

N

0——COY) — C(X) C(X,Y) 0.

Apply homology, and then use Proposition 5 and the 5-lemma. O

The first step toward proving Proposition 5 is defining a natural
barycentric subdivision chain map

sd:CX - CX.
Let
(4) a:{0,...,n} > {0,...,n}
be a permutation. We will define a singular n-simplex
Ao s A" > A
First define A;4 as the affine map which has
1 1 1
1,0,... =
)‘Id([ a07 70] [n+1an+1a n+1]7
11 1
Arq([0,1,0,...,0]={0,—,—,...,—
Id([a s Uy 7] [’TL,’I'L’ 771]’

Ara([0,0,...,1] = [0,...,0,1],
Then define
)\a([to, R ,tn]) = )‘Id([torl(o)a . 7ta_1(n)])'

Finally, put, for a singular n-simplex o : A" - X
(5) sd(o) =) sign(a)o o\,

where the sum is over all permutations (4). To see that sd is a chain
map, taking the 0’th fact on the right hand side of (5) is sd(do), the re-
maining terms cancel in pairs, taking the ¢’th face for two permutations
o, T oo where 7 is the 2-cycle permutation (i —1,7).

Lemma 6. There exists a natural chain homotopy

h:sd=~Id.
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Proof. We use the method of acyclic models. We have sdy = Idy, so
we can put hg = 0. Now suppose that h,_; is constructed. We shall
construct

o (kn)

where k,, = Id: A" - A". Then we can, again, represent any singular
n-simplex o : A" - X as 0.k,, and thus we can (and must) put

ho(0) = 0chy(Ky).
To find A = h,(k,), we have, again, the equation
d\ = sd(kp) = K — hpe1(dEy).

We find that the right hand side is a cycle in C,, X by a calculation
identical to (3). Thus, it is a boundary by Lemma 2. Thus, we can
solve for A\, completing the induction step. O

Proof of Proposition 5. Consider the short exact sequence of chain com-
plexes

00— Cy(X)—-C(X) - C(X)/CH(X) - 0.
By the long exact sequence in homology, it suffices to show that the
last term has homology 0. A cycle in C'(X)/CY(X) is represented by
a chain ¢ e C'(X) such that
(6) d(c) e CH(X).

By the Lebesgue number theorem, however, there exists an n € N such
that sd™(c) e CY(X). Now by Lemma 6 (and induction), there exists
a chain homotopy
k:sd®~Id,

l.e.

dk(c) + k(dc) = sd"(c) - c,
or

c+dk(c) = sd™(c) — k(dc).
Observe that by (6), the right hand side is in CY(X'). Thus,

ce Im(d) + CY(X),

or, in other words, ¢ is a boundary in C(X)/CY(X), as required. O
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